Dynamics of the Schelling Social Segregation Model in Networks  by Cortez, Vasco & Rica, Sergio
 Procedia Computer Science  61 ( 2015 )  60 – 65 
1877-0509 © 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of scientific committee of Missouri University of Science and Technology
doi: 10.1016/j.procs.2015.09.148 
ScienceDirect
Available online at www.sciencedirect.com
Complex Adaptive Systems, Publication 5 
Cihan H. Dagli, Editor in Chief 
Conference Organized by Missouri University of Science and Technology 
2015-San Jose, CA 
Dynamics of the Schelling Social Segregation Model in Networks 
Vasco Corteza*, Sergio Ricaa  
aFacultad de Ingeniería y Ciencias, Universidad Adolfo Ibáñez, Avda. Diagonal las Torres 2640, Peñalolén, Santiago, Chile
Abstract 
Thomas C. Schelling introduced a simple mathematical model to address the phenomenon of social segregation as a consequence 
of a natural evolution of elementary local rules. This model became a good framework to understand how local rules, like the 
selection of a better neighborhood for life, can produce macro-behaviors, like segregation in a population with different kind of 
individuals. In this work, with the aid of the Schelling’s model, we characterize the dynamical evolution of segregation in random 
networks; analyze the performance of some segregation indices and the dynamics of this model for various network degrees. 
Finally, we provide probabilistic arguments to explain quantitatively the behavior of the dynamic of Schelling’s segregation 
model in networks. 
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1. Introduction 
In 1971 Thomas C. Shelling1 proposed a simple model to illustrate the problem of the social segregation as a 
process of local interaction between individuals who live in a determined neighborhood. The Schelling's model 
showed that a small preference like the selection of a better neighborhood could lead to total segregation of a 
population composed of different individuals. For that reason, it has been considered as one of the first agents based 
models and also it has been widely studied in several scientific fields2,3,4,13.   
The original Shelling model for social segregation considers two kinds of different individuals living in a square 
regular lattice, who can exchange their positions according to the rule of majority. An individual is unhappy when 
more than half different individuals habit its neighborhood. In the Schelling's works is considered two types of 
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neighborhoods: the eight directly surrounding individuals forming a square vicinity 3 x 3, also know as Moore's 
vicinity, and the large neighborhood, which includes the 24 surrounding individuals conforming a square vicinity 5 
x 5. The size of the vicinity becomes a real important issue when trying to measure the segregation of a network, due 
to the final outcome of the dynamics of segregation depend of the size of it. In the next sections, we address this 
topic quantitatively comparing dynamics of network for different vicinities using indices of segregation. 
In 1955 Duncan and Duncan5 concluded that the best overall measure segregation was the index of dissimilarity, 
given its ease of computation, well-known and tractable properties, clear interpretation and invariant with respect to 
number of types of individuals5,6. The Freeman Segregation Index (FSI) has been frequently used to quantify 
different levels of segregation in social networks7,13,14. Freeman argues: if a given attribute (group label) does not 
matter for social relations, then relations should be distributed randomly with respect to the attributes. The 
measurement of the segregation is: the difference between the number of cross-group ties expected by chance and 
the number observed measures segregation7,8. Finally, we have previously introduced a new segregation 
measurement called Energy9,10, which is similar of physic global quantity used in the Ising model in statistical 
physics. As shown, in some sense, the energy is a measure of the perimeter of the interface between two different 
kinds of individual in a population.  
In this work, we shall study the segregation dynamics of a population distributed in networks, constituted by two 
kinds of different individuals. With the aid of the Schelling's model we exchange the unhappy individuals, and then 
calculating indices of segregation is characterized the dynamic of the segregation in network.  
2. Segregation Indices 
First, we shall define some concepts to explain the indices used in this work. Each node possesses a discrete 
value called xk, which may be +1 or -1. The total number of positive nodes in the network is denominated as Nx(+1) 
and negative as Nx(-1). A node xk has a degree deg(xk) that represents the number of neighbors, negative plus positive 
nk (-1) + nk (+1), in the vicinity Vk. 
As was mentioned in the introduction, we shall analyze three different indices of segregation. The first one is the 
Duncan Segregation Index (DSI), also called index of Duncan, which is one of the most important segregation index 
used in social science6,11,12. 
 
          (1) 
 
 
The DSI has a range between 0 and 1, means 0 a population homogeneously distributed in the network, and 1 a 
totally segregated population. 
The Freeman’s Segregation Index (FSI) aims to compare the deviation of the interactions e* between different 
kinds of nodes in a network with the expected value Ev(e*) that represents null segregation. To calculate the 
observed interactions, we shall count all edges between different kinds of nodes. As the network is non-directed, the 
number of edges between positive and negative individuals is the same of negative and positive individuals. The 
observed interactions e* is defined the double of the sum of all negative neighbors nk(-1) in the neighborhoods where 
the central individual is positive xk(+1): 
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Ev(e*) is the expected number of edges between the positive and negative individuals under the assumption that 
edges are distributed randomly. In the equation 3, L is the total number of edges in the network, N the number of 
nodes and P the proportion of the positive nodes. 
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The FSI ranges are from -1, which represents a random distributed population with null segregation to 1 a totally 
segregated population. For some especial configurations the FSI can reach more negative values. 
 
                                                        (4) 
 
 
The last index that we shall analyze in the present work comes from the concept of energy introduced in previous 
work published for us9,10. The Energy is a global quantity (equation below), which is the analogue of the 
ferromagnetic energy of an Ising-like model. The Energy is calculated by adding each node xk multiplied by the sum 
of all the neighbors living in its vicinity Vk, that is: 
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Finally, the Energy Segregation Index (ESI) is expressed in the equation 6, with as N the number of nodes and V 
the size of the vicinity that is in this case the same as the network degree. The value of ESI is 0 for random 
distribution and 1 for network totally segregated. In some cases ESI may be negative as explained in Cortez et al10. 
 
                                             (6) 
 
3. Schelling’s Dynamics in Random Networks 
At the initial state we consider all individuals distributed randomly in non-directed connected random network 
constituted by 512 nodes. For simplicity, all nodes have the same degree in the whole network. We expect that the 
indices segregation would be: DSI = 0, FSI = -1 and ESI = 0. Nevertheless, as we can see in the Fig. 1, the value of 
DSI for small degrees is not zero, tending to be once increasing the degree number. 
 
 
 
 
 
 
 
 
 
 
 
Fig.1.Values of indices of segregation at random distribution.  
For that reason, it is not recommended to use DSI in network with a small degree number. Therefore, it is 
important to consider that the number of nodes shall be much larger than the degree number in order to make a clear 
distinction between the micro-scale as the vicinity (degree) and the macro-scale as the population (network). In this 
work, we do not include DSI in the dynamic analysis, because we consider networks with degrees not larger than 10, 
in order to optimize the running time of the Schelling’s dynamics. 
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The Schelling’s dynamics analyze the happiness levels at each step all individuals, then, are created two different 
lists including all unhappy individuals, one for each kind. Afterward, two individuals are selected of each list 
through a random process, which are willing to be exchanged. This process in most of the cases improves the level 
of happiness of the individual, hence, increasing the level of segregation in the population. In previous works10, we 
have addressed the problem of having different threshold of happiness, but in the present contribution we consider 
only the majority rule case. The same considered by Schelling, because presents a better performance to carry out an 
efficient segregation.  
We have studied the dynamics of segregation in non-directed networks of 512 nodes with various degrees: 2, 4, 
6, 8 and 10. As is shown in the Fig. 2, the dynamics evolve toward a well-defined value of segregation depending of 
the degree of the network.  In the first stage of the dynamics, the level of segregation always tends to increase, after 
that, there is a change in the segregation rate, where is possible to observe a decreases and increases of the 
segregation, to finally appreciate a steady-state when the segregation reaches its maximum level.  
 
a)                                                                                                                          b)                                          
     
 
 
 
 
 
Fig. 2. Numerical simulation of the Schelling dynamics for N=512 and different degrees as explained. (a) Plots of FSI, (b) Plot of ESI. 
In Fig.2 is possible to observe a similar behavior for both indices of segregation, that we can infer a close relation 
calculated among the calculated FSI and ES. Indeed, FSI = 2 ESI -1, which can be demonstrated analytically.  
To make visible these dynamics, we plot in Fig. 3 the graphs of the networks with degrees 4, 6 and 8 at three 
different stages. First, the Fig. 3 (a), (b) and (c) are the graphs of the random networks before starting the Schelling’s 
dynamic, respectively. Second, the Fig. 3 (d), (e) and (f) show the transient stage before reaching the maximum 
segregation, for networks with higher degree this stage is small and the transition occurs very fast. For the network 
with degree equal 8 at 450 steps look similar than the same network at 3000 steps. In the final stage, Fig. 3 (g), (h) 
and (i), the segregation emerges and the dynamics evolve to a well-defined and permanent state. There are two 
possible cases at the end of the dynamics; there are not more individuals willing to exchange their positions for at 
least one kind stopping the dynamics, or there is a small set of individuals exchanging indefinitely their positions 
that have the same level of unhappiness. The explanation why the dynamics in networks with high degree tend 
toward low values of segregation is addressed in the next section. It should be noted that due to re-arrangement of 
the software, the network graphs could take different shapes in time. 
 
4. Conclusions  
The first conclusion about the indices of segregation arises from the analysis of random networks with different 
degrees. The DSI, one of the most popular indices of segregation used in social sciences, presents a significant error 
when is calculated using small vicinities, which can increase fakery the level of segregation in a network. The 
second conclusion, points out the direct relation between FSI and ESI found quantitatively, which allows alternative 
calculation of both indices. In some cases, the method to calculate ESI is easier than FSI, because it is not needed to 
discriminate the kind of nodes (+1 or -1) to apply the summation in the vicinity.  
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Fig. 3. In the plot (a), (b), (c) the networks are at the initial configuration, t=0; (d), (e), (f) the networks are at a intermediate configuration time, 
t= 450 [steps]; (g),(h),(i) the networks at a final configuration, t=3000 [steps]. 
As we have shown before, the dynamics of segregation tend toward steady states when the maximum level of 
segregation is reached according to the degree of the graph. With the aid of the probability distribution density 
functions (pdf) we estimate the statistical evolution during the dynamics, in terms of the function fn(nkxk), which 
represents the number of opposite neighbors nk living in the same vicinity of the central individual xk. The range of fn 
is between 0 and deg(xk), where 0 represents that the neighbors in the vicinity are the same kind of xk (state of 
happiness) and deg(xk) all neighbors are on the opposite kind of xk (state of unhappiness). Initially, the distribution is 
symmetrically distributed around the central value of fn, which means, most of the vicinities have half of individuals 
of each kind. As time goes, the distribution moves to decrease the number of opposite individuals, centering the 
distribution on the lowest values of fn, increasing the happiness and the segregation.  For the deg(xk) = 4 case, the 
possibilities to be happy (fulfilling the majority rule) is to have, at most, one opposite individual living in the 
vicinity. On the other hand, in the case of deg(xk) = 8, the possibilities to be happy is to have, at most, three opposite 
individuals living in the vicinity. Comparing both cases, at the end of the dynamic, a higher level of segregation can 
be reached in the case of deg(xk) = 4, because most of the vicinities have only one opposite individual,. On the 
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contrary for the case deg(xk) = 8, most of the vicinities have two different individual living in the vicinities, hence, in 
the last case the happiness is reached allowing more opposite individuals (in average) sharing the same vicinities in 
average. In summary, the possibility of having more different individuals connected is higher (fulfilling the majority 
rule) when the vicinity size is increased; therefore, the Schelling dynamics are able to reach the highest level of 
segregation in a network where the vicinity size is lowest. 
       
Fig. 4.  Probability density function (a) networks with deg(xk)=4; (b) networks with deg(xk)=8. 
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